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Reconstructing the minute density fluctuations
in the early Universe that evolved into a highly
clumpy matter distribution, as revealed by the
present distribution of luminous matter, consti-
tutes a major challenge of modern cosmology. A
number of techniques have been devised in re-
cent years which attempt to achieve this aim by
using galaxy positions alone.1–8 However, with-
out knowledge of their velocities, this problem is
not well-posed and its solution suers frequently
from lack of uniqueness. Here we make the hy-
pothesis that the map from initial to present lo-
cations of mass elements is irrotational. Using re-
cent mathematical work,9,10 we then relate recon-
struction to \mass transportation", a well-posed
optimisation problem in engineering introduced
by Monge11 in 1781. We propose a new powerful
algorithm for unique reconstruction which, when
tested against N-body simulations, gives excel-
lent reconstruction down to scales of a few co-
moving megaparsecs and demonstrates the valid-
ity of our hypothesis. The uniqueness and the
quality achieved are essential for the analysis of
the large datasets expected from new-generation
galaxy redshift surveys.12
One goal of reconstruction in cosmology is to ob-
tain the statistical properties of primordial fluctuations,
thereby complementing the information on the early Uni-
verse provided by cosmic microwave background explor-
ers. Another goal is to determine, as exactly as possible,
how to map present-epoch mass elements to their pri-
mordial locations (about 15 billion years ago) which is
an important step towards the determination of galaxy
peculiar velocities.
We shall show that, from the present spatial distribu-
tion of matter and the knowledge that it was initially
almost uniform, the reconstruction problem has a unique
and computable solution, provided we make the following
\reconstruction hypothesis": the Lagrange map from ini-
tial positions q to the present (nal) Eulerian positions
x is the gradient of a convex potential, x = rq(q), and
is thus irrotational.
The approximately potential character of the Lagrange
map is well established down to scales where nonlinearity
stays moderate. Furthermore, numerical N-body simula-
tions show good agreement with the potential Zel’dovich
approximation in which particles move along straight tra-
jectories13 and even better agreement with a renement,
the second-order Lagrangian perturbation method,14{16
also known to be potential. The convexity assump-
tion means the absence of multi-streaming: for almost
any Eulerian position, there is a single Lagrangian an-
tecedent. The Zel’dovich approximation leads to caus-
tics and to multi-streaming, but this can be overcome in
various ways, for example by a modication known as
the adhesion model, a multi-dimensional Burgers equa-
tion;17, 18 the latter leads to shocks rather than caustics,
is known to have a convex potential19 and to be in better
agreement with N-body simulations.20 Suppression or re-
duction of multi-streaming requires a mechanism of mo-
mentum exchange, such as viscosity, between neighbour-
ing streams having dierent velocities. This is a most
common phenomenon in ordinary fluids, such as the flow
of air or water in our natural environment. Dark matter
is however essentially collisionless and the usual mech-
anism for generating viscosity (discovered by Maxwell)
does not operate, so that a non-collisional mechanism
involving a small-scale gravitational instability must be
invoked.
Henceforth, we use the reconstruction hypothesis, but
otherwise make no use of any specic assumption on the
particle dynamics, such as the Zeld’dovich approxima-
tion.
Following Ampere,21 we introduce the inverse La-
grange map (from nal to initial positions) which is also
potential: q = rx(x), where (x) is a convex func-
tion, the Legendre{Fenchel transform (see ref. 22, x 14)
of (q): We denote by ρ0 the initial mass density (which
can be treated as uniform) and by ρ(x) the nal mass
density. By mass conservation ρ0d3q = ρ(x)d3x. Thus,
the ratio of nal to initial density is the Jacobian of the
inverse Lagrange map. This can be written as the follow-
ing Monge{Ampere equation
det
(rxirxj(x) = ρ(x)/ρ0, (1)
where \det" stands for determinant.
Our Monge{Ampere equation for self-gravitating mat-
ter may be viewed as a nonlinear generalisation of a Pois-
son equation (used for reconstruction in ref. 3), to which
it reduces if the Lagrange map is close to identity.
Brenier9, 10 (see also refs. 23 and 24) has shown that
the map generated by the solution to the Monge-Ampere
equation (1) is also the (unique) solution to the following
optimisation problem called \mass transportation": nd





ρ0jx− qj2 d3q =
Z
x
ρ(x)jx − qj2 d3x, (2)
with prescribed initial and nal density elds ρ0 and
1
ρ(x). (This can be derived by a simple variational ar-
gument.) A quadratic cost function has also been ob-
tained in ref. 4 by applying a minimum action argument
within the framework of the Zel’dovich approximation;
the validity of this cost function is, however, broader.
The mass transportation problem dates back to work by
Monge11 on how to optimally move material from one
place to another, knowing only its initial and nal spa-
tial distributions, the cost being a prescribed function
of the distance travelled by ‘molecules’ of material (a
linear function in Monge’s original work). Kantorovich
showed that Monge’s problem was an instance of the lin-
ear programming problem and developed for it a theory
which found numerous applications in economics and ap-
plied mathematics.25 We thus name our reconstruction
method Monge{Ampere{Kantorovich (MAK).
After discretisation of the mass into N particles (in
simulations) or galaxies (when handling observational
data) the cost minimisation becomes what is known, in
optimisation theory, as the assignment problem: nd the
unique one-to-one pairing of a set of N initial points
qj ’s and N nal points xi’s that minimises Idiscr =PN
i=1 jxi − qj(i)j2. An immediate consequence is \cyclic
monotonicity": for any subset of 2  k  N pairs of
initial and nal points, the contribution of these points
to the cost function should not decrease under arbitrary
permutations of initial points. Cyclic monotonicity is
known to be equivalent to having a Lagrange map that
is the gradient of a convex function.23, 26 If we restrict
ourselves to interchanging just pairs (k = 2), the con-
dition is known as (ordinary) monotonicity and is not
equivalent to minimisation of the cost function (except
in one dimension). This is why reconstruction by the
Path Interchange Zel’dovich Approximation (PIZA) of
ref. 4, which implements monotonicity by a Monte-Carlo
strategy, lacks uniqueness.
There are, however, known deterministic strategies for
the assignment problem which give the correct unique
solution; their complexity (scaling law with N of the
number of operations needed) is close to N3, but can
be reduced when the geometry of the problem is taken
into account. Combining the dual simplex method of
Balinski27 with the data structure organisation suggested
by Henon’s mechanical analogue machine for solving the
assignment problem28 and exploiting convexity proper-
ties associated with quadratic costs to rene the assign-
ment from coarser to ner grids, we have developed a new
strategy to construct the minimum cost solution. Details
of the algorithms will be given elsewhere; we merely note
that, when working with more than 105 galaxies, direct
application of our present assignment algorithm could
become unmanageable. A mixed strategy can however
be used, in which the assignment problem is solved on a
coarse grid while, on smaller scales, the Monge{Ampere
equation (1) is solved by a relaxation technique (adapted
from ref. 24).
We tested the MAK reconstruction on data obtained
by a cosmological N -body simulation with 1283 particles,
using the HYDRA code29 (Fig. 1). Reconstruction was
performed on three 323 grids with (comoving) meshes
x = 6.25h−1 Mpc, x/2 and x/4, where h is the
Hubble constant in units of 100km s−1 Mpc−1; we also
discarded those points that, at the end of the simula-
tion (present epoch), were not within a sphere contain-
ing about 20,000 points (see below), a number compa-
rable to that of currently available all-sky galaxy red-
shift catalogues. The MAK reconstructions were used
to generate a scatter diagram and various histograms
(Fig. 2) allowing comparisons of simulation and recon-
structed Lagrangian points. The scatter diagram uses
a \quasi-periodic projection" ~q  (q1 + αq2 + α2q3)/2
with α = (
p
5− 1)/2, which guarantees a one-to-one cor-
respondence between ~q-values and points on the regular
Lagrangian grid. With the 6.25h−1 Mpc grid, 45% of the
17,178 points are assigned perfectly and about 80% are
within not more than two meshes. With the 3.12h−1 Mpc
grid, we still have 35% of exact reconstruction out of
19,187 points, but only 14% for the 1.56h−1 Mpc grid
with 23,111 points. This demonstrates the purely poten-
tial character of the Lagrange map above  10h−1 Mpc
(within our CDM model), a result of considerable the-
oretical signicance.
FIG. 1. N-body simulation output (present epoch) used
for testing our reconstruction method. In the standard model
of structure formation in the Universe, this highly inhomoge-
neous matter distribution grew, via gravitational instability,
from very small-amplitude primordial fluctuations. Most of
the mass is in the form of cold dark matter; the luminous mat-
ter (galaxies) can be assumed to trace { up to some known
form of bias { the underlying dark matter. Shown here is a
projection onto the x-y plane of a 10% slice of the simulation
box of size 200h−1 Mpc. The model, CDM, uses cold dark
matter with cosmological constant; parameters are: h = 0.65,
ΩΛ = 0.7, Ωm = 0.3, σ8 = 0.99. Points are highlighted in yel-
low when reconstruction fails by more than 10h−1 Mpc, which
happens mostly in high-density regions.
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We also performed PIZA reconstructions on the coars-
est grid and obtained typically 30% exactly reconstructed
points, but severe non-uniqueness: with two dierent
seeds of the random generator only about half of the
exactly reconstructed points were the same.
The fact that MAK reconstruction guarantees a unique
solution and that our reconstruction hypothesis proved to
be faithful down to  4 h−1 Mpc (of the order of the typ-
ical comoving separation between neighbouring galaxies)
makes it very promising for the analysis of galaxy redshift
surveys.
FIG. 2. Tests of MAK reconstructions of the Lagrangian
positions, using the data visualised in Fig. 1. The dots near
the diagonal are a scatter plot of reconstructed initial points
vs. simulation initial points for the coarsest 6.25h−1 Mpc grid
using 17,178 points. The upper left inset is a histogram (by
percentage) of distances in reconstruction mesh units between
such points; the rst darker bin (whose width was taken to be
slightly less than one mesh) corresponds to perfect reconstruc-
tion (thereby allowing a good determination of the peculiar
velocities of galaxies); the lower right inset is a similar his-
togram for reconstruction on a ner 3.12h−1 Mpc grid using
19,187 points.
When reconstructing from observational data, the pe-
culiar velocities of galaxies and the associated redshift-
space distortions need to be taken into account. Also,
the eect of the catalogue selection function might con-
siderably complicate the analysis. Nevertheless, the level
of accuracy reached by our algorithm in recovering the
initial locations of mass elements suggests that the pri-
mordial fluctuations of the gravitational potential and
the present-day galaxy peculiar velocities can also be re-
covered with sucient accuracy.
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